Topological energy bands have important geometrical properties described by the Berry curvature. We show that the Berry curvature changes the hydrodynamic equations of motion for a trapped Bose-Einstein condensate, and causes significant modifications to the collective mode frequencies. We illustrate our results for the case of two-dimensional Rashba spin-orbit coupling in a Zeeman field. Using an operator approach, we derive the effects of Berry curvature on the dipole mode in very general settings. We show that the sizes of these effects can be large and readily detected in experiment. Collective modes therefore provide a sensitive way to measure geometrical properties of energy bands. [5] [6] [7] [8] [9] , and there is much ongoing activity to extend to other situations.
Nontrivial topological energy bands exhibit many fascinating physical phenomena. For instance, topological invariants underlie both the quantum Hall effect [1] and topological insulators [2, 3] . There is currently great interest in exploring such physics in ultracold gases [4] . Recent experiments have explored optical lattices with novel geometrical and topological features [5] [6] [7] [8] [9] , and there is much ongoing activity to extend to other situations.
Less widely appreciated is the fact that the energy bands of these new forms of optical lattice also have important geometrical properties. In particular, the Berry curvature (defined below) is a local, geometrical property of the energy eigenstates. When integrated over the Brillouin zone (BZ) of a two-dimensional (2D) band, it gives the Chern number, the topological invariant of the quantum Hall effect [1, 10] . The Berry curvature has many physical consequences in 2D and 3D systems, such as in the anomalous quantum Hall effect [11] [12] [13] [14] . In ultracold gas experiments, the local Berry curvature could be measured directly, for instance, in the semiclassical dynamics of a wave packet [15] or in time-of-flight measurements [16] .
In this Letter, we show that the Berry curvature crucially affects the collective modes of an ultracold gas. Thus, this geometrical quantity must be added in the general theory of collective modes to describe the new forms of optical lattice currently being explored. Collective modes are powerful tools for exploring the properties of ultracold gases [17] . The high precision with which oscillation frequencies can be measured [18] affords high sensitivity to underlying physical properties, such as the equation of state [19, 20] and the BEC-BCS crossover [21] [22] [23] . Recently, collective modes have been used to measure the superfluid Hall effect in a weak artificial magnetic field [24] . Here, we show that, in the general case of an atomic gas in a band structure with geometrical features, there are important modifications of the collective modes which are entirely controlled by the Berry curvature. This includes systems threaded with many flux quanta, as well as optical lattices with uniform [25] or nonuniform flux [5] .
We demonstrate how the Berry curvature shifts oscillation frequencies and splits otherwise degenerate modes. We illustrate this for the example of 2D Rashba spin-orbit coupling. We then derive the effects of Berry curvature for a general multiband Hamiltonian. Our results show that Berry curvature can have large effects on collective mode frequencies of trapped BECs, and that measurements of these frequencies can be used to determine the geometrical properties of the energy band in which the condensate is formed.
The starting point for all our studies is a Bose-Einstein condensate (BEC) formed in a minimum of some singleparticle energy dispersion, E(p). This dispersion could be the lowest band of an optical lattice, with p the crystal momentum, or of a spin-orbit coupling Hamiltonian [like Eq. (5)]. We shall study the collective oscillations of the BEC confined in a (harmonic) trap. We assume that the band gap is much larger than any other energy scale, and that the spread in momentum of the condensate wave function (set by the inverse cloud radius or healing length) is sufficiently small [26] , such that the BEC is well described by single-particle states close to this single minimum. The energy dispersion is then characterized by the effective mass, M * αβ =h 2 / ∂ 2 E/∂p α ∂p β , where α, β run over the spatial coordinates. This will shift the collective mode frequencies [27] . Furthermore, the eigenstates are characterized by the Berry curvature,
where |np is the energy eigenstate in band n at p (i.e., the periodic Bloch function for an optical lattice) [14] . Thus, the energy minimum must also be characterized by the value of the Berry curvature at that point. To simplify presentation, we assume that the effective mass is isotropic, M * αβ ≡ M * δ αβ , and choose axes such that the local Berry curvature is Ωẑ, but all results can be readily extended to anisotropic cases.
To determine the effects of Berry curvature on the collective modes, we derive the hydrodynamic equations at zero temperature for a weakly interacting BEC. By in-cluding the so-called "anomalous contribution" to the velocity [14] we finḋ
where ρ is the density, v is the velocity, and F is the local force per particle. We are interested in small deviations from equilibrium, ρ = ρ 0 + δρ. We assume that the particle number N is large so that quantum pressure is negligible and the Thomas-Fermi approximation is valid:
is the trapping potential and ρg is the interaction energy. Then F = −g∇δρ. Linearizing Eq. (2) with respect to δρ, we find
For a uniform gas, with no trap potential V (r) = 0, the collective oscillations are sound modes, with frequencies ω = ρ 0 g/M * |k| that are unaffected by Berry curvature. For a harmonic trap, V (r) = 1 2 κ|r| 2 , the modes have [28, 29] . There are three quantum numbers: l, the total angular momentum, m, the projection of angular momentum on the polar axis, and n r , the number of radial nodes. We solve Eq. (3) to find
The corresponding eigenstates have D(r) ∝ r l F (−n r , l + n r + 3/2; l + 3/2, r 2 /R 2 ), where F is the hypergeometric function and R = 2µ/κ the radius of the cloud. When Ω = 0, we recover the expected mode energies [28, 29] . Nonzero Berry curvature affects the frequencies of only those modes with m = 0, breaking the (2m + 1) degeneracy.
An important class of modes are the surface waves which have n r = 0 and δρ
∂r . These include the dipole modes (l = 1) and quadrupole modes (l = 2). We find that, as in the case without Berry curvature [19, 20] , the mode frequencies are independent of the equation of state. We obtain this result by extending the hydrodynamic approach to a general polytropic equation of state: P ∝ ρ γ+1 , where P is the pressure and F = − 1 ρ ∇P − ∇V . For the weakly interacting Bose condensate, P = 1 2 gρ 2 and γ = 1. The exponent γ = 2/3 describes a dilute Fermi gas [30] , an ideal normal Bose gas under adiabatic conditions and Bose and Fermi gases in the strongly interacting (unitarity) limit [19, 20, 22] .
Surface modes are also valid solutions for an anisotropic trap:
The anisotropy lifts the degeneracy between modes with different values of |m|. For example, without Berry curvature, the dipole modes for the weakly interacting BEC are
The Berry curvature splits degenerate modes, as shown here for the 2D dipole oscillations in a weakly interacting Bose gas: δρ±1 = (x ± iy)e −iωt (i.e. nr = 0, l = 1, m = ±1). An element of fluid (pink circle) feels a restoring force, F±1 = −g∇δρ±1 = −g (1, ±i) e −iωt , around the dashed curve. Without Berry curvature, the acceleration,vn, and velocity, vn, have the same magnitude for both modes and ω+1 = ω−1. The Berry curvature couples to the timedependent force, giving an additional accelerationvΩ and velocity vΩ ∝ (F ×ẑ)Ω. This is analogous to the "guiding center" velocity of a particle in electromagnetic fields [c.f. v ∝ (E × B)]. The resultant frequencies are split; ω+1 is lowered and ω−1 is raised.
δρ ∝ (x ± iy) ∝ rY 1±1 (θ, ϕ) at frequency ω = κ/M * , and δρ ∝ z ∝ rY 10 (θ, ϕ) at frequency ω = κ z /M * [29] . In what follows, we shall refer to δρ ∝ (x ± iy) as the (quasi-) 2D dipole modes. Figure 1 shows schematically how the Berry curvature splits these modes. In the absence of Berry curvature, the quadrupole modes with m = ±2 or m = ±1 can also be linearly combined to give the scissors modes [31] (with δρ ∝ xy, yz, xz). The existence of the scissors modes relies on the degeneracy between ±|m|. Here these mode frequencies are split, and so the modes must retain their angular symmetry.
Another important low-lying mode is the breathing mode (n r = 1 and l = m = 0). Without Berry curvature, the velocity field is purely radial (v ∝ r), and the density oscillation resembles a "breathing" of the cloud [29] . The mode frequency now depends on the equation of state: ω = (3γ + 2)κ/M * [19, 20] . Our results show that this mode frequency is unchanged for Ω = 0, since it has no angular momentum alongẑ. However, it is interesting to note that the mode velocity field is changed, gaining an extra rotational (divergence-free) component ∝ r ×ẑ.
We illustrate the effects of the Berry curvature on collective modes for a simple model of Rashba spin-orbit coupling. Recent experiments have studied spin-orbit coupling in 1D [32, 33] and there are proposals for extensions to two dimensions [34] [35] [36] . We consider a 2D interacting spin-1/2 gas described by the Hamiltonian
where g 2D is the effective contact interaction in two di-mensions, i = 1, ..., N is the particle index, andσ x,y,z are the Pauli matrices. We assume that the interaction strength is independent of spin, which is a good approximation for 87 Rb. The single-particle Hamiltonian,ĥ 0 , is characterized by a Rashba spin-orbit coupling, λ, and a Zeeman field, ∆. The effects of spin-orbit coupling on the collective modes have previously been studied for one dimension [33, 37, 38] (where there can be no Berry curvature) and for the 2D dipole mode in a thermal gas using a Boltzmann approach [39] .
Without a trap, the single-particle energy spectrum is , which is a measure of the interaction strength. We assume that G ≫ 1 to justify the Thomas-Fermi approximation which improves with increasing particle number, N . We also take χ < ∼ 1, to avoid mixing with higher bands. 4)]. It is also interesting to note that, while the mode frequencies without Berry curvature all go to zero at ζ = 1 (where M * → ∞), for nonzero Berry curvature there remain modes at nonzero frequency [40] .
For the particular case of the dipole mode, we now show how the effects of Berry curvature arise naturally for a very general multiband system. We assume that the minimum of the lowest band is at a high symmetry point (e.g. the Brillouin zone center, p = 0). We choose axes such that the local Berry curvature is Ωẑ, and discuss motion in the xy plane (motion along z decouples). The single-particle Hamiltonian is H = −h 2 2M ∇ 2 +V (r)+ U (r), where U (r) is the periodic lattice potential. Following the usual effective mass theory [41] , we expand the wave function in terms of functions e ik·r |n , where |n ≡ |n0 is the Bloch function of the nth band at p = 0. We find
where E n is the nth band energy at the zone center, and α runs over spatial dimensions. The operatorhk is the crystal momentum (with eigenvalueshk for the states e ik·r |n ) andx is the conjugate crystal position. The last term inĤ is of the familiar "k · p" form [41] , with π α n,n ′ ≡ n|p α |n ′ the interband matrix elements of p [N.B. π α n,n = M (∂E n /∂p α ) = 0 at a band minimum]. For particles in a quadratic band minimum, the dipole mode is a center-of-mass oscillation. It is therefore unaffected by interactions (which depend only on interparticle separations). As we now show, the dipole mode remains a center-of-mass oscillation for nonzero Berry curvature. Hence, interactions can be neglected provided they do not excite particles to high-energy states which lie beyond the effective mass approximation, which we now assume. The Heisenberg equations of motion are theṅ
for the crystal position,X α ≡x α n |n n|, crystal momentum,P α ≡hk α n |n n|, and Bloch momentum, Π
These equations describe coupling of motion of the center-of-mass to interband transitions. Assuming that all interband transition energies E n − E 0 are large compared tohω (so all atoms are in the lowest band, n = 0), we can approximate the last line, replacingP βÔ withP β 0|Ô|0 . This line becomes ∝
and Π α 0n ′ couple toP . Taking the operators to vary harmonically with e −iωt , and eliminatingΠ α nn ′ , we find
We expand this to first order inhω/(E n − E 0 ) and find
where we have introduced the effective mass [42] and Berry curvature [14] for the lowest band at the Brillouin zone center
This expression for Ω can be derived from Eq. (1) using the relation n| [14] . From Eq. (9), we calculate the dipole frequencies of D ±1 =X ∓ iŶ (corresponding to the modes δρ ±1 ). For an isotropic effective mass, the dipole mode frequencies are given by Eq. (4) (with n r = 0, l = 1 and m = ±1), confirming the hydrodynamic result. Moreover, since all atoms oscillate in the same way, the dipole mode remains a center-of-mass oscillation, so this result is independent of the regime or equation of state. Our derivation shows that the Berry curvature appears as the next-order correction after the effective mass [43] .
Finally, we discuss how the observation of collective modes frequencies may be used to experimentally characterize the geometrical properties of energy bands. The Berry curvature can be directly measured in the frequency splitting between those modes which are degenerate for Ω = 0. For example, the splitting between surface modes with m = ±l is given by δω ω0 = lΩ/a 2 0 (Eq. 4), where a 0 = h/M ω 0 is the harmonic oscillator length. This splitting will manifest as a precession of distortions formed from +m and −m at frequency δω.
The sizes of the effects we predict can be very large. For example, in the 2D Rashba model studied above, the energy splitting of the modes can be written δω ω0 = 1 2 ζχl. As previously discussed, it is necessary that χ < ∼ 1 and 0 < ζ < 1; this sets an upper limit of δω ω0 < ∼ 50%×l. Thus, the energy splitting can be as large as the trap frequency itself.
For optical lattices that cause the atoms to experience an average magnetic field, the effects of Berry curvature become stronger at smaller flux densities. To see this, consider the Harper-Hofstadter model of a tightbinding lattice with a flux n φ = 1/q (where q is an integer) per plaquette of dimensions a × a [44]. The magnetic unit cell contains one flux quantum, so its area is A = a 2 /n φ . The corresponding magnetic BZ has an area A BZ = (2π)
2 n φ /a 2 . The average Berry curvatureΩ scales as ∝ 1/n φ (becauseΩA BZ = 2πC, where C is the Chern number, which is C = 1 in this case). Hence the effects of Berry curvature increase for small n φ . That said, these effects can be large even when the flux per unit cell is of order 1. For optical flux lattices [45, 46] , and taking 87 Rb atoms condensed in the minimum of the F = 1 two-photon coupling scheme [with parameters of Fig. 4(a) in Ref. 46] , the splitting between two surface modes with m = ±l is δω/ω 0 ≈ 3.4% × l for ω 0 /2π = 150Hz [Eq. (4)]. For the quadrupole modes (with m = ±2), δω/2π ≈ 10Hz. This is larger than measured damping rates and well within typical experimental measurement precision [47] .
In conclusion, we have shown that Berry curvature has important effects on the collective modes of ultracold gases. We derived the general hydrodynamic theory for collective modes including Berry curvature, and illustrated its effects for situations of current experimental interest [8, 9] . The Berry curvature can lead to large splittings of mode frequencies, which should be readily detectable with current experimental capabilities. Their observation would allow a characterization of the geometrical properties of BECs in topological energy bands.
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